Finding a general equation for the coefficient of static friction

Consider a xy-coordinate system X
with the x-axis perpendicular to the
plane. &

Here, we have:

D> F,=N-mgcosf—Fsing=0
oo N =mgcosf+ Fsing

s f=uN=u(mgcosd+ Fsing)

gon?

The friction force f'can act in either
direction depending on the applied
force F.

Y. F, =Fcosp—-mgsing+ f =0
Fcosp—mgsin@+ u (mgcosd+ Fsing)=0

B +mgsin49—Fc03go
~ mgcosd+ Fsing

S

Now we must find the minimum value of x, regardless of F.

Finding the minimum value for small F

There is a critical value of F at F,, = mgsin@seco where u, =0. If F'is chosen below

this value, then fwill act to prevent the block from sliding down the plane, hence:

_ mgsing— Fcosg
s mgcos@ + Fsing

The minimum value for u, for any F in this range will be the maximum of this function
for0O<SKF<F
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ou, __ mgcos(p—0)

OF  (mgcosé+ Fsing)’




The derivative is negative on [0, F.,;) and therefore the maximum value will occur
atFF=0.

U, =tand

Finding the minimum value for large F

Now, we must check when F'is on (F,,, ), where fwill act to prevent the block from
sliding up the plane, hence:

_ Fcosp—mgsingd
F'sing +mgcosé

N

ou, _ mgcos(p—6)

OF  (mgcosé+ Fsing)’

The derivative is always positive on(F.,,,,), and therefore the maximum value will be
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asF — .

. Fcosp—mgsing
u,=lim—
Fo» F'Sin ¢ + mg C0S 6

U, =coty

Finding the overall values

So, we have two possibilities, x, =tan@&or u, = cote. Which one applies depends
simply on which is bigger, so we must find the criteria for that.

If tan & < cot ¢, then it can be shown that 0° < 8+ ¢ <90°

Oppositely, if tan @ > cote then 90° < 8 + ¢ <180°

This gives us the final result*:

S

cotp, 0 <O+¢p<90°
tand, 90° <@+ ¢ <180°

*We can note that for the special case @+ ¢ =90°, tand =cotgp.



